by an infinite conducting flange and radiates into half-space. Modal expansions of the TE and TM waveguide fields lead to Hermitian forms for the incident an8 reflected waveguide power 
I. INTRODUCTION
A PERTURE ANTENNAS, flush mounted in flat or convex conducting surfaces, enjoy widespread,use both in aeronautics and in large phased array systems. The rectangular waveguide with an infinite flange radiating into a half-space is an archetypal form of such antennas (see Fig. 1 ).
In an important early report [ I ] Cohen, Crowley, and Levis used the variational principle to deduce the aperture admittance of the flanged waveguide. However, even with the simplifying assumption that the aperture field consists only of the dominant TE mode (with incident and reflected components), the method is complicated and numerical results are given only for guide widths More recently, Das [ 2 ] has computed the admittance of a rectangular open-ended guide (no flange). Again it is assumed that higher order modes are negligible. The real and imaginary parts of the admittance are deduced from the complex radiated power, a technique that plays an importnt role in the present paper.
Using longitudinal section modes (LSE! and LSE") Jamieson and Rozzi [3] have obtained a rigorous Nth order Rayleigh-Ritz variational solution to the flanged waveguide problem, a solution which includes the cross-polarized components missing in previous work [4] . ' In a recent paper [5] we have shown that the power radiated from planar apertures is expressible in terms of the correlation functions of the tangential electric fields in the apertures. This concept led to the correlation matrix method used to analyze finite phased arrays of narrow slots [6] .
In the present paper we present a nonvariational rigorous up to 1 I.,. 
WAVEGUIDE POWER
Consider a rectangular waveguide terminated by an infinite conducting flange as shown in Fig. 1 . We assume that an arbitrary waveguide field is incident on the aperture. Such a field and the resulting backscattered field can be expanded in a series of normal TE and TM modes. The total tangential field in the aperture is accordingly 
where A = {A + I T , A +"q is the modal column matrix associated with the E* field and [Y] is the diagonal field admittance matrix associated with the modes in the waveguide. In (3) we assume that the incident column matrix A+ is known. Our task is to obtain A _ . To do so we must investigate the fields and power radiated into the half-space from the waveguide aperture. NO. 4, JULY 1980 111. RADIATED POWER AND THE CORRELATION MATRIX As was initially suggested by Zaghloul and MacPhie [SI the power radiated from a planar aperture such as we are considering can be deduced from the correlation functions of its tangential electric fields. This is especially convenient in the present case since the fields vanish everywhere except in the aperture.
The total complex power radiated into the half-space is where u/ko = sin 8 cos 4 and c/ko = sin 0 sin 4 are the direction cosines of the radiated waves in the x and y directions (see Fig. I ) and ko is the wavenumber. The power density function in (4) can be expanded [5] as
In ( and [E] are, respectively, the TE and TM correlation power matrices and [K] is the cross-correlation power matrix for the two sets of waveguide modes radiating into the half-space from the rectangular aperture. Each element of [Q] can be expressed as an infinite series. For example, the element of [HI corresponding to the mutual power radiated by the E,, and T E , * modes, the latter mode being generated at the aperture when a TE, , mode is incident, is 
IV. CONSERVATION OF COMPLEX POWER
Since the net complex power incident on the aperture from the waveguide must, by the principle of conservation of complex power, be equal to the complex power radiated into the half-space, we can write P,, = P,.
This principle was used by Diamond [7] in connection with infinite flush mounted waveguide arrays. Rhodes [ 8 ] employed it to deduce the impedance of a dipole antenna. In view of (3), (7), and ( 8 ) . In view of (1 7) it is evident that a generalized scattering matrix for the flanged waveguide can be defined:
[SI =(Cj?l+ CQI)-' ( P I -CQIX (18) since convention dictates that WAVEGUIDE MODE Although (19) provides information on the scattered waveguide modes for an arbitrary incident field, the case of a single incident TE,, mode field, with all higher order modes in cutoff, is undoubtedly of paramount interest. It follows that A + will have just one nonzero entry and if a unit amplitude incident field is assumed (A,,,,' = I), then a single column (the first) of the scattering matrix will -provide us with the reflected mode amplitudes and phases.
To obtain numerical solutions we must truncate the matrices to embrace a finite number of modes. The results that follow are for the case of 15 modes (9 TE: rn = 1, 3,5, n = 0 , 2 , 4 ; 6 TM: m = 1, 3, 5, n = 2,4). As a special case of the rectangular waveguide, we can consider the parallel plate waveguide terminated in an infinite flange as shown in Fig. 3 . There is no coupling between the TE and TM modes (the [K] matrix becomes a null matrix). For the case of a TE, incident mode, one can again deduce the effective load admittance or impedance. In Fig. 4 we show the normalized real and imaginary parts of the latter and compare the results as a function of a / i o with those provided in the Waveguide Handbook [IO] . Agreement is excellent for RIZ, but is only fair for XIZ,.
Turning now to the question of the radiation pattern of the flanged waveguide, it is a simple matter to use the solution vector A-together with the incident vector A + in ( I ) to specify the tangential E field in the aperture. The accuracy of this representation will depend, of course, on the number of modes used (15 in our case). The radiated power is represented by the plane wave power spectral density P ( u , L') as given by (5). It follows that from the 15-mode series expansion of the aperture E field and its corresponding correlation functions, we can by Fourier transformation obtain a 15-mode approximation to P(u, r ) , the power pattern of the flanged waveguide.
Figs. 5 and 6 are plots of the power pattern for the region lul 5 ko, ID! 5 ko for a = 0.7Ao and a = 1.4A0, respectively. In both cases a = 2.25 b; the contour levels are in decibels below P,,,.
Since the dominant TEIo mode is the only mode radiating in the visible range, with maximum radiation at u = c = 0, the plots in both cases are quite similar to the radiation due to the TE,, mode alone-the traditional assumption. The T E l o mode power patterns are given by the dashed contours in Figs. 5 and 6.
VI. CONCLUSION
Although rather involved in formulation, the use of the correlation matrix and the principle of conservation of complex power has provided a formally exact solution, with numerically convergent results, for the terminal admittance and radiation patterns of a rectangular waveguide with an infinite conducting flange. The method has been recently extended [ 1 I ] to waveguide junction -k0 The coefficients h,, are obtained using a two-dimensional fast Fourier transform (FFT) algorithm. As mentioned in Appendix A, pe,:x= the singularity of h J 2 ) at the origin is integrable and causes no difficulty. Using these expansions for &~lo,lo and ha") in (A13), r f m, r = 0, 2, 4, ...
with xx replaced by yy and q, by 10, 10, we get
In (BS) the P ? y coefficients are where Note that the only approximations involved in the expression for H-&, are the FFTcoefficients hrs. However, the nature of the algorithm permits a very large number of coefficients to be computed in a reasonable time, thus assuring us of good accuracy. Moreover, the FFT Coefficients need be calculated only once for all the elements of the correlation matrix [e] . In the numerical examples the two-dimensional FFT uses a 16 X 16 point grid.
In a fashion analogous to that used for the TElo mode's self power, the various self and cross powers of the TE and TM modes can be deduced. The detailed formulas are given in Appendix C.
APPENDIX C COMPLEX POWER
In this appendix we list the various complex power coefficients that are the generalizations of and P$%.s for the self power of the T E l o mode, as given in Appendix B. Since we are eventually going to consider the practical case of a TE, , mode incident field, it turns out that we only need consider coupling to modes such that m, M = 1,3,5, . --, a n d n , i i = 0 , 2 , 4 ; . -.
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